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1>a2,™ )2+ g
We note that for T == 0 this solution becomes the solution of the "isotropic missiles"
problem [1].
C. If the pursuer is subject to velocity control and the evader to acceleration
control, the equations of motion and the functions B, @ are of the form

I =8, N=W, W=_a |&|<eq |[8&|<aq

RN =r"+w (T +7)—r’ QID=I14al —a (T +1)}]2
In this case situations such that the evader can escape capture exist for all problem
parameters,
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ON THE BELLMAN FUNCTION FOR THE TIME-OPTIMAL
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The necessary and sufficient condition under which the Bellman function for the time-
optimal process problem belongs to the class of functions satisfying the Lipschitz con-
dition is developed,

1, Let a conwrolled process be described by the system of equations
dz | dt = f (z, u) (1.1)

where T and f are n-dimensional vectors and u is an r-dimensional control vector,

Let us suppose that the set U/ of permissible values of the controlling functions u =
= u (f) is a nonempty compact subset of the r--dimensional Euclidean space E,. As
our permissible controlling functions we consider the measurable functions u = u (f)
with values in U, In addition, we assume that the vector function f (z, u) is defined
and continuous in both its variables on the set £, X U and that it satisfies Lipschitz’
local condition in z with a constant independent of u. The purpose of control is to bring
the system to the position & = 0.

Let G (< T) be the set of all points z, & E,, from which it is possible to reach
the origin in a time smaller than 7', In other words, z, & G (< T) means that there
exists a permissible control y = y (f) defined for ¢ = [0, 7], T <= T such that the
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solution z == z (¢, Zq, u (#)) of Eq. (1.1),with the initial data (0, z,) which corresponds
to this control has the property z (T, z,, u (f)) = 0.

Let £ & G = UG (<T), (0 << T << o0). Then it is possible to reach the origin
from the point Z in a finite time T. We denote the set of all such T by A (z).
The Bellman function (for the time-optimal process problem) is the function
T=T(z)=infr (t= A(x)
defined for z & G.
As one of the characteristics of system (1, 1) we take

{oa. if G is bounded
° lim T (z), |[2] > o, ze G, if G is unbounded, (1.2)

We can show [1] that T, is the exact upper bound of all T for which G (<< T) is
bounded,

3, We know that the Bellman equation for the time~-optimal process problem, i, e,
minZB 1z n=-1t  wen (2.1)
was derived under very rigid a priori assumptions concerning the function I' = T (z)
(it was required that 7' (z) be continuous and that it have continuous partial derivatives
everywhere except at the point z = () [2], In this connection it is interesting to verify
these assumptions on the basis of Eq, (1.1), Some theorems on the continuity of the func-
tion I’ = T (z) were derived in [3, 4], Specifically, paper [4] contains the necessary
and sufficient conditions of continuity of the Bellman function in the neighborhood of

the origin in the case where f (z, u) is holomorphic in Z in the neighborhood of the
origin (# = 2) and where the set [ consists of a finite number of vectors,

8, In this section we prove an ancillary proposition which is also of independent
interest,

Lemma 3,1. Let uy, U, ..., Uy & U be such that the vectors f (0, u,),
f (0, ug), ... f (0, uy) constitute a positive basis [3]. System (1.1) is then locally
controllable and the inequality T (7) << C | 2| (3.1)

holds in some neighborhood of the origin, Here | x| is the Euclidean norm of the vec-
tor z and ( is some constant,
Proof, Let us introduce the functions 3.2)

Xi(vy) =z (11,0, 1), Xs(vi,ma) =1 (Ts i)y o X (11, 75,...7,) =% {Tp X 1 Um)
To prove the lemma we need merely show that the equation
z= Xm(r) = Xm (*1,Tay. «.7T,)
has a nonpositive solution T = t(z) which is defined in some neighborhood of the origin
and satisfies the inequality [T@l=ln@ | +... {7, (@< Clzl
where C is some constant, Recursion relations (3,2) readily yield the following expres~
sions for X (1) : X (v) =(A+ do ()T 3.3
A== (f(0, u1),.0ef(0, Up)), Agf0)==0

where 4,(t) is a continuous matrix,
Let us prove the existence of a continuous vector b(t) with negative components
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larger in absolute value than any number M > 0 which satisfies the equation
(A4 Ag(t)b(r) = 0 (3.4)
By one of the properties of a positive basis [3] there exists a vector b, with negative
components larger than M + 1 in absolute value which satisfies equation
Aby =0
Let us attempt to find the solution of Eq, (3.4) in the form
b(t) = by + Ab(1), Ab(0) = 0
We then obtain the following equation for the vector Ad
(4 + A())Ab + Ao(v)hy = 0 (3.5)
Since the rank of the matrix 4 + 4,(t) for a sufficiently small |t| is equal to a,it
follows that Eq, (3. 5) defines the implicit continuous function
Ab= Ab(t) =0 as T—0
This implies that for a sufficiently small | © | the vector b(t) = b, + Ab(t) is conti-

nuous and its components do not exceed —M.
Now let us consider the equation

A+ 4m)p=X, JX|=1 (3.6)
We seek the solution of this equation in the form
B(x,X) = B(z) + e(r, X)
where b(r) is some solution of Eq, (3.4). Then c¢(t, X) satisfies the equation
(4 + Aqo(te(t, X) = X 3.7

To be specific, let 4 + A,(t) = (44(1), 4.(1)), where A,(7) is a nonsingular square
matrix, The solution of Eq, (3, 7) in this case is the vector

¢t X)= ( A1‘1(§1:) X)

For —& < 1; < 0, where § is sufficiently small, | X | = 1, and the vector function
e(t, X) is continuous and bouded,
le; (0, D)< M (i=1...m)

By what was proved above, b(t) can be chosen in such a way that the vector
B(r, X) = b(x) + (v, X)
has negative components §;. Moreover, there exists a constant K such that for
=< <O X =1, |B(r,X)|<K (=L.m)

Finally, let us consider the equation
T = pB(x, X) (3.8)
where 0 < p < 8/K. The mapping ®(z) = pB(t, X) for fixed p and X is continuous
and maps the cube {—8 < 7; < 0} into ftself, According to the fixed-point theorem
(e. 8. see [5]) Eq, (3, 8) has the negative solution T = t*(p, X). By the definition of
the function f(t, X)we have
(4 + Ao(v*))v* = pX
From this it follows that for | z } <C 8/K the equation

Xm®) =z
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has the negative solution v = 1(z). Estimate (3, 1) follows from (3, 8), Lemma 3,1 has
been proved,

We note that in proving Lemma 3.1 we used, essentially, only the continuity of the
function f (z, u) in z. If the right sides of system (1, 1) are continuously differentiable
in z, Lemma 3,1 follows from the results of [3], However, the method of proof used in
this study does not yield estimate (3, 1), '

Further on we shall need the following lemma,

Lemma 3,2, Let u = u (f) be a permissible control defined for ¢ = [0, T
and z (T, z,, u (t)) = 0. Then for any ¢ > O there exists a piecewise-constant con-
wol u == U (¢), ¢t = [0, T]and a vector z,” with the property

z (T, z¢, U () =0, fzo — 2z [< e
The proof of Lemma 3,2 follows from the theorem on the approximation of measurable

functions by piecewise-continuous functions and from the Kurzweil-Vorel theorem on
the continuous dependence of a solution on a parameter {61,

4, Theorem, The function T = T (z) satisfies the Lipschitz condition in some
neighborhood of the origin if and only if z = 0 is an interior point of the convex enve-

lopeoftheset F={f(0, u), uEU}

Proof, Sufficiency, Let usshow that there exist Uy, ..., Uy & U such that
the vectors f (0, u,) ... f (0, un,) constitute a positive basis, To this end it is sufficient
to prove that if Z, ... Z, form a basis in the space E,, then each of the vectors + zy,
+++y == Z, is expressible as a linear combination of a finite number of f (0, u;) with
nonnegative coefficients, For example, let us consider the vector z,. By thé hypothesis
of the theorem there exists a positive number A such that Az, & conv F, where the
symbol conv F denotes the convex envelope of the set F. This means that there exist
constants @, ... @y such that

0<¢i<1’ ax—i—... 'J‘" ak=1
7»:21=a1r1+...+0(.krk, riEF

Hence, there exist u,, ... Uy such that
gy =7v,7/ 0, uy) + ... +vxf (0 up)
Similar expressions are readily obtainable for the vectors
— &y =Ty e T,

Let u,, ..., Umbe such that the vectors 7 (0, uy), ... f (0, up,) constitute 2 positive
basis, Lemma 3,1 then implies that system (1.1) is locally controllable and that there
exists a neighborhood S, (0) of the origin with the radius  such that for z & S, (0)
we have the estimate T (@) <Clz (4.1)

Now let us show that the function T == T (x) satisfies the Lipschitz condition in the
neighbarhood of every point z, &= G (< T,). Let T << T,be such that z, = G
(< T). Then T is finite and the closure of the set G (<< T') is compact (see Sect, 1),
By virtue of our assumptions concerning the function f (z, u) there exists a constant L
such that the inequali®y | £ (., u) — f (2, w) | < L| 2, — 7

is valid for all 2,2, = G (< T) and v = U.
Let us choose 3 >> O in such a way that
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S5 (@) = G (< Ty, 6<Yamin(n, d)el?, T2 T

Here d is a positive number so small that the d- neighborhood of the set ' = T (z)
does not intersect the set G (<< T,). We can show that for any I;, Z, & Ss (z,) we
have the inequality | 7' (z,) — T () | < M |2, — 2, (M =const)  (4.2)

In fact, let us consider Z,, 23 &= Sp (x,). To be specific,let T (z,) 2> T (z,).
Forany g, 0 << 8<< T; — T (z,) there exists a permissible control u == u. (?)
defined on [0, 7] such that & (T, z;, ue (£)) == 0 and T, — T (z3) << e. Itis
clear that in this case z(t, Za, u ) =G (< TY)
for t = [0, T,]. Now let us consider the solution z = z (¢, z;, &, (f)) and show that

Z(t, 7, u (1) EG(<T)

for ¢t = [0, T,.l.In fact, assuming that the opposite is true, we find that there exists an
instant T° < T, such that T (z (T°, z,, u. (8)))= T and that

z(t, 2, u. () EGT)
for t = [0, T1.

The following estimate is then valid for ¢ & [0, T°]:

[ (2, 1, te (1)) — T (8, T3y ue (1)) | << |21 — 23| €27 <@

This implies that z (T°, Z,, u. (t)) belongs to the d-neighborhood of the set T (z)==
= T, which cannot be true by virtue of our choice of the number d. Thus,

z(t, z,, . () =G T
for all ¢ & [0, T.l.
Then (4.3)
[ 2(Ter 21, e (£) = 2(Tes 29, e ()] = |2 (T, 21, e () | <[ 21 — 7 627 <
Let us estimate the difference
0T (2) ~T () T (@) = Te +e<T (2(Te, 71, U (1)) + &
since z (T, 2, u, (¢) = S, (0) by virtue of (4. 3), it follows by (4.1) that
l T (=) — T (-"32) I <C u.'t(T,, Tyy Ue (t)) - (Th Toy U (t)ﬂ -+
+eLClr, — z,[eLT ¢

Since g > O is arbitrary, we set M = CeLT to obtain inequality (4.2). Sufficiency
has been proved,

Necessity, Let the function ' = T (=z) satisfy the Lipschitz condition in the
neighborhood of the origin, but let z = O not be an interior point of conv F, Then
there exists a vector q, || @ || = 1 such that (&, r) >> O for any vector r = conv F.
Since the function T == T (x) is continuous in the neighborhood of the origin, then the
limit relation 7 (z,) — O is valid for z) = Py, py = 0, k — oo,

By Lemma 3,2 there exist piecewxse-constant controls u = uy (t) deﬁned for
t = [0, Tyl and vectors )" such that

Z(Th 2", ue () =0, [T (2p)—Tp|<<px? |2 — 2| <p® (4.4)
Then

’ K
2y = Xy (119 .. Tins) = Xy (V)

|70 = [t 0]+ o [Ty | =Tp 10 <O
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where the functions X are defined in Lemma 3,1, Making use of (3, 3), we readily

obtain the expression (k) LK)
zy =T, (rk - ﬁﬁ%&_) , TzESconvF
3
or x, —z, T (k)y oK)
PO =m&,(rk_ﬂ.ﬁif2.£__) (4.5)
P &

Since T == T (z) satisfies the Lipschitz condition in the neighborhood of the origin
and since T (0) == 0, then T (x) << Cp,, making use of (4,4), we readily infer from
this that Ty << Mpy. Recalling (4. 4) and (4. 5), we obtain

ey v
Tk

Hence, there exist 0 < M, <C M and ry < conv F such that —a& == M.
Scalar-multiplying the latter equation by &, we obtain (@&, r,) << 0, which contradicts
the choice of the vector o, Necessity has been proved,

Note 4,1, The condition formulated in the theorem is very restrictive, It is not
difficult to prove that this condition is fulfilled for the linear systems

e
Tk._>0,_u...’5.....5‘\_’.‘i_l._>0, as k- o

%:Az-{-ﬁu, jul<<1
only if r == n and det B =k 0.

Note 4,2, The proof of the theorem implies that the function 7 = T (z) satis~
fies the Lipschitz condition in the neighborhood of every point of the domain G (<< 7).
In particular, for linear systems with r == n, det B == 0 it satisfies the Lipschitz condi~
tion in the neighborhood of every point of the controllability set,

8, Now let us set down some remarks on the differentiability of the Bellman function
T=T (x)
1*, The function T == T (z) cannot be differentiable at the point = == O for
locally controHable systems, In fact, the opposite statement would imply that
8T (0) / dzr = 0, which contradicts the self-evident inequalitya || z|| < T (2),a> 0.
2°, The function T == T (z) can have bounded first partial derivatives in some
neighborhood of the origin (except at the origin imelf) only if the point = == 0 is an
interior point of conv F.
3°. The hypothesis of the main theorem of the present-study does not imply the
differentiability of the function 7 = T (z) in some neighborhood of the origin (except
at the origin itself), In fact, for the system
dz | dt = u,, dy [/ dt = u, 5.9)
in which the vector u = (u,, U,) assumes the values {-~ 1,0}, {—1,0}, {0, +1},
{0, —1}, the Bellman function is given by
T y=|z|+]yl
and is not differentiable at the coordinate axes, even though{z = 0,y == 0} <= conv F.
If however we assume that the restriction on u in system (5. 1) has the form [ u || <C

< 1men T@ y=VFTy
From this we see that this function is differentiable everywhere except at the origin,
4°, let us consider the system
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dz d ———
G =m g =uE@ 4y, Vet <l

It is easy to show that the point z = 0, y = 0 is not an interior point of the set
F:{z]<1, y= 0) but that the Bellman function satisfies the Lipschitz condition in
the neighborhood of every point of space except at the origin,
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The problem of bringing a system with lag to a specified position by suitable choice of
the initial conditions is considered, The conditions of solvability of this problem are
formulated in terms of the coefficients of the eqautions,
For simplicity we shall consider equations with constant coefficients defined in the
n~dimensional Euclidean space E,, ,
m
F()= 2at—h)Bi+a(—MBt 1), t>o0 )
=
where z () is an n~dimensional vector, We assume that the coefficients of Eq, (1) satis~
fy the following Conditions (A): the lag constants /; are such that A, > Apey = . . .
ess 2> by > 0, that the constant % >> 0, that the continuous function f (¢) assumes
values from the space K, and finally,that B;, i = 0, .. ., m,are square n X n
matrices with constant elements, We also stipulate that all the vectors from £, ocurring
below are to be regarded as vector rows; we denote the j th coordinate of a vector from
E, by the same letter as the vector with the subscript j . For example, the vector z(t)=
= (21 (t), . - ., 24(1)).



